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The present article investigates the role of heavy nuclear clusters and weakly bound light nuclear clusters
based on a newly developed equation of state for core collapse supernova studies. A novel approach is brought
forward for the description of nuclear clusters, taking into account the quasiparticle approach and continuum
correlations. It demonstrates that the commonly employed nuclear statistical equilibrium approach, based on
non-interacting particles, for the description of light and heavy clusters becomes invalid for warm nuclear matter
near the saturation density. This has important consequences for studies of core collapse supernovae. To this
end, we implement this nuclear equation of state provided for arbitrary temperature, baryon density and isospin
asymmetry, to spherically symmetric core collapse supernova simulations in order to study the impact on the
dynamics as well as on the neutrino emission. For the inclusion of a set of weak processes involving light
clusters the rate expressions are derived, including medium modifications at the mean field level. A substantial
impact from the inclusion of a variety of weak reactions involving light clusters on the post bounce dynamics
nor on the neutrino emission could not be found.
I. INTRODUCTION
A core collapse supernova (SN) is associated with the grav-
itational collapse of a massive star’s core at the end of its life,
due to the loss of the dominant pressure from the degenerate
electron gas. This is caused by electron captures on protons
bound in nuclei and is accompanied by the photodisintegra-
tion of heavy nuclei. A proto-neutron star (PNS) forms at
the center when the density exceeds nuclear saturation den-
sity during the stellar core contraction. Then, the short-range
repulsive nuclear interaction in homogeneous nuclear matter
halts the collapse, a hydrodynamics shock wave forms and
the core bounces back. This instant is defined when the maxi-
mum central density is reached, corresponding to the moment
just before the shock breakout. The shock wave stalls during
its initial propagation out of the core due to the dissociation
of still infalling heavy nuclei and the deleptonization associ-
ated with νe-losses when the shock wave propagates across
the neutrinosphere. The revival of the stalled bounce shock,
i.e. the SN problem, is related to the liberation of energy from
the central PNS into the low-density layer behind the shock
(for a review, c.f. Ref. [1]). The shock revival to increasingly
larger radii defines the onset of the SN explosion.
The SN conditions are wide spread, see Fig. 1(a) in Ref. [2],
featuring temperatures of T ≃ 0 − 100 MeV, restmass densi-
ties of ρ = 100 − 1015 g cm−3 and isospin asymmetry given
by the charge density, or equivalent the proton abundance Yp
ranging from Yp = 0 (neutron matter) to Yp = 1 (proton mat-
ter). Note that the proton fraction equals the electron fraction,
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Yp = Ye, in the absence of other leptonic charges. For recent
comprehensive reviews about core collapse SN phenomenol-
ogy, see Refs. [3, 4], discussing also the role of the equation of
state (EOS) in SN simulations at the various different regimes
encountered [2].
The EOS at the suprasaturation density, ρ0 = 2.5 ×
1014 g cm−3 (equivalent the nucleon number density, n0 =
0.15 fm−3), as well as high temperatures is often obtained
from nuclear energy density functionals. These are often de-
rived in a mean-field approximation for the interacting nucle-
ons. At subsaturation densities and temperatures below few
tens of MeV, inhomogeneous matter can be found where nu-
clear clusters as well as unbound nucleons are present in addi-
tion to pasta phases [5]. Even neglecting pasta phases, the
description of the nuclear medium is particularly challeng-
ing. The commonly employed approaches for SN EOS are the
single-nucleus approximation based on the liquid-drop model
(see, e.g., Refs. [6, 7] and references therein), the Thomas-
Fermi approach of Ref. [8] and the modified nuclear statisti-
cal equilibrium (NSE) of Ref. [9] (see also Ref. [10]). Only
the latter allows for the detailed nuclear composition to be
taken into account explicitly. It is based on several thousand
nuclear species with tabulated (and partly calculated) nuclear
masses, as well as a theoretical framework handling excited
states which must be included at finite temperatures. In partic-
ular, about the role of light nuclear clusters, such as deuteron
2H, has long been speculated [11]. The potential role of addi-
tional clusters, such as triton, 3H, and helium-3, 3He, has been
pointed out in Ref. [2], also its particular impact on the neu-
trino response [12]. Recently, even more exotic neutron rich
isotopes have been studied in the context of core collapse SNe
in Ref. [13] based on the simplistic NSE model of Ref. [9],
which is based on nuclei treated as non-interacting Boltzmann
2particles.
Despite the success of this NSE approach, there are a num-
ber of caveats. Whereas the NSE is well suited to describe
nuclear matter at low densities and high temperatures, the ac-
count of medium effects is necessary when going to higher
densities (& 1012 g cm−3). One of the most important is-
sues is the transition to homogeneous matter when approach-
ing the saturation density. The need to take density effects
(medium modifications of the cluster properties) into account
was demonstrated by laboratory experiments [14, 15]. A
quantum-statistical approach (see [16] and references given
therein), has been worked out which describes a general-
ized virial expansion to account for correlations in the con-
tinuum. Self-energy and Pauli-blocking contributions are ob-
tained from an in-medium few-nucleon Schro¨dinger equation.
In the low-density region, the relation to the concept of ex-
cluded volume has been demonstrated in Ref. [17], and a gen-
eralized relativistic density-functional (gRDF) approach [18]
which considers the light elements as new quasiparticles cou-
pled to the mesonic fields. The semi-empirical approaches,
i.e. excluded volume and gRDF, proved to be successful in de-
scribing laboratory experiments in the density region up to one
fifth of the saturation density. A modification of the relativis-
tic mean-field approach considering in-medium effects via an
effective cluster-meson coupling has been proposed [19, 20],
where light clusters A ≤ 12 have been taken into account.
It was demonstrated in Sec. 4 of Ref. [2], when compar-
ing the modified NSE abundances (taking the excluded vol-
ume into account) for the light nuclear clusters and unbound
nucleons with those obtained within the quantum statistical
(QS) model of Ref. [21] and Ref. [22], that the NSE model
of Ref. [9] significantly overestimates the abundances of all
light clusters in the density region ρ ≥ 1012 g cm−3. Also
the properties of the unbound nucleons are affected substan-
tially. In order to quantify this impact in simulations of core
collapse SNe, the present work expands the previous analysis,
by means of developing a novel fully temperature and isospin
asymmetry dependent SN EOS based on the gRDF model of
Ref. [23], including self-consistently the description of light
nuclear clusters (defined as nuclei with charge Z ≤ 2) and
heavy clusters (Z > 2) as well as the transition to homoge-
neous matter. The gRDF approach implements mediummodi-
fied nuclear binding energies (see Ref. [16]) that are derived to
match the QS approach, as well as continuum correlations de-
scribed by the virial expansion, which ensures the appropriate
transition to homogeneous matter. This has important conse-
quences for the SN dynamics and neutrino emission. To study
systematically the differences obtained in comparison to the
NSE EOS of Ref. [9], henceforth denoted as HS, we imple-
ment the gRDF EOS into the SN model AGILE-BOLTZTRAN
and simulate the post bounce evolution in spherical symme-
try. We implement the same density dependent mean-field
parametrisation (denoted as DD2) of Ref. [18], for both EOS
henceforth denoted as gRDF(DD2) and HS(DD2) (The HS
EOS catalogue is provided by CompOSE [24] and has been
subject to extensive comparison studies, c.f., Ref. [25] and
references therein).
Neutrinos emitted from a core collapse SN contain a broad
spectrum of information, e.g., they probe the EOS deep in-
side the SN core which is otherwise hidden. The future neu-
trino detection from the next galactic event will shed light not
only on details of the yet controversially discussed explosion
mechanism, it may also reveal properties of matter at condi-
tions which are currently inaccessible in nuclear physics ex-
periments. It is of paramount interest to predict reliable neu-
trino luminosities and spectra, as well as their evolution, for
such events. Of particular importance is the role of the hot and
dense nuclear medium. Besides weak processes involving the
unbound nucleons, the role of heavy nuclear clusters has long
been studied, i.e. for nuclear electron capture rates [26] as
well as neutrino-nucleus scattering (see Ref. [27] and refer-
ences therein) and nuclear (de)excitations [28, 29]. The pre-
vious implementation of weak charged current reactions with
light nuclear clusters in core collapse SN simulations has so
far still been approximate [11]. The gRDF(DD2) EOS, sub-
ject to the present paper, contains the detailed composition,
including all light clusters. This allows us to extend the previ-
ous attempts and include a variety of weak processes, involv-
ing the hydrogen isotopes with atomic mass numbers A = 2−7
and the helium isotopes with A = 3 − 7, into the simulations
of the SN post bounce evolution. In particular, we discuss the
significance of exotic, neutron-rich H (e.g., 4H) and He (e.g.,
5He) isotopes near the saturation density as proposed recently
by Ref. [13] within the simple NSE model of Ref. [9]. This
approach overestimates the abundances of these light clusters
as shown recently in Ref. [16] within the QS formalism. The
account of the light element isotopes leads to a reduction of
the neutrino luminosities and an enhancement of the spectral
differences between νe and ν¯e. However, a substantial impact
from the inclusion of a variety of weak reactions involving
light clusters could not be found, neither on the post bounce
dynamics nor on the neutrino emission.
The manuscript is organized as follows. In Sec. II the SN
model is briefly reviewed. The newly developed gRDF(DD2)
EOS is introduced in Sec. III, in comparison to the modi-
fied NSE EOS, while in Sec. IV simulations of core collapse
SN are discussed, comparing the reference simulation with
gRDF(DD2) EOS and the NSE approach. The analysis is ex-
tended in Sec. V introducingweak reactionswith light clusters
and performing additional SN simulations. The manuscript
closes with the summary in Sec. VI.
II. SUPERNOVAMODEL
The SN model employed in this study, AGILE-BOLTZTRAN,
is based on general relativistic neutrino-radiation hydrody-
namics in spherical symmetry with three-flavor Boltzmann
neutrino transport [32, 40, 41]. It features a Lagrangian
mass mesh with an adaptive mesh refinement method, orig-
inally developed in Ref. [42] and updated in Ref. [39]. The
complete set of standard weak reactions considered in this
work can be found in Table I, including the references.
Here we use a neutrino discretization in terms of 36 en-
ergy bins of Eν ∈ [0.5, 300] MeV and 6 momentum scat-
tering angles, µ = cos θ ∈ {−1,+1}, for the neutrino fla-
3TABLE I. Standard set of weak reactions considered in this work,
including references.
Weak process Reference
1 e− + p⇄ n + νe [30]
2 e+ + n⇄ p + ν¯e [30]
3 n⇄ p + e− + ν¯e [30]
4 e− + (A,Z)⇄ (A,Z − 1) + νe [31]
5 ν + N ⇄ ν′ + N [32, 33]
6 ν + (A,Z)⇄ ν′ + (A,Z) [32]
7 ν + e± ⇄ ν′ + e± [34]
8 e− + e+ ⇄ ν + ν¯ [35]
9 N + N ⇄ ν + ν¯ + N + N [36, 37]
10 νe + ν¯e ⇄ νµ/τ + ν¯µ/τ [38, 39]
11 ν + ν¯ + (A,Z)⇄ (A,Z)∗ [28, 29]
ν = {νe, ν¯e, νµ/τ, ν¯µ/τ} and N = {n, p}
vors {νe, ν¯e, νµ/τ, ν¯µ/τ}. The implicit method solving the Boltz-
mann equation on an adaptive Lagrangianmass mesh has been
compared with other commonly employed neutrino-transport
schemes, e.g., the multi-group flux limited diffusion approxi-
mation [41], the variable Eddington factor technique [43] and
with M1 schemes [44], resulting in good qualitative agree-
ment. AGILE-BOLTZTRANhas a flexible EOS-module that can
handle many currently available baryon EOS [6, 9, 45–47].
For conditions that correspond to the non-NSE regime at low
temperatures, precisely below T = 0.45 MeV, we switch to
a baryon EOS based on the ideal gas of silicon and sulphur
nuclei. It is meant to resemble the remaining silicon–sulphur
layer of the progenitor star. In addition to the baryons, contri-
butions from e±, photons and Coulomb are added [48].
Particular focus has been devoted to the consistent descrip-
tion of the charged current processes, reactions (1)–(3) in Ta-
ble I, and the nuclear EOS (for details, see Ref. [49]), with the
implementation of the nucleon mean-field potentials, Un and
Up [50, 51]. The latter are related to the scalar Σ
S
N
, Eq. (A9),
and vector parts ΣV
N
, Eq. (A7), of the nucleon self energies
(see Appendix A for further details), UN = Σ
V
N
− ΣS
N
(see also
Ref. [52] and references therein). In particular, their differ-
ence, Un −Up, is determined by the nuclear symmetry energy
which has a strong density dependence [53].
Of special importance for the SN dynamics, including neu-
trino heating and cooling, are the weak processes involving
the unbound nucleons. The largest inversemean-free paths are
found for the neutral current neutrino nucleon scattering pro-
cesses, reactions (5) in Table I, and the largest energy transfer
contributions originate from the charged current absorption
and emission reactions (1)–(3) in Table I. Therefore, not only
the consistent description of the weak reaction rates and EOS,
including their implementation into the transport module, are
of importance but also the properties of the unbound nucleons,
which in turn are determined by the nuclear EOS as well. In
particular, the nucleon self-energies, which are related to the
nucleon effective masses and the mean-field potentials, have a
direct impact on the weak rates for both, neutral- and charged
current processes (for details, see also Ref. [30] and refer-
ences therein). More precisely, at conditions of low degen-
eracy, all these reaction rates are proportional to the number
density of the target nucleons. Hence it is important to imple-
ment the correct description of the nucleon properties which
are strongly affected by the presence of nuclear clusters in the
inhomogeneous nuclear matter phase. This will be further dis-
cussed and illustrated in the following section.
III. EQUATION OF STATEWITH LIGHT AND HEAVY
CLUSTERS
A theoretical model for the EOS used in simulations of core
collapse SNe has to provide both the thermodynamic proper-
ties and the chemical composition of matter in a wide range
of densities, temperatures, and isospin asymmetries. In the
present application, the gRDF approach is employed which
includes nucleons, nuclei, electrons, muons, and photons as
degrees of freedom. The energy density functional was de-
rived in the mean-field approximation from a relativistic La-
grangian density. It describes the effective in-medium in-
teraction between nucleons (free and bound in clusters) by
an exchange of ω, σ and ρ mesons with density dependent
couplings using the DD2 parametrisation [18]. The latter
was fitted to properties of finite nuclei. The set of nuclei
in the density functional comprises light (Z ≤ 2) and heavy
nuclei (Z > 2) with experimental binding energies of the
Atomic Mass Evaluation 2016 [54]. This table was supple-
mented with more exotic nuclei of unknown experimental
binding energy using the DZ31 model of Ref. [55] for their
masses. Excited states of heavy nuclei are included effec-
tively with temperature-dependent degeneracy factors (details
can be found in Ref. [23]). The effects of the nuclear medium
on the properties of nuclear clusters is modelled in the gRDF
approach by implementing nuclear mass shifts that lead to ef-
fective binding energies different from their vacuum value. In
addition to previous gRDF models that considered only 2H,
3H, 3He, and 4He as light nuclei, the present calculation in-
corporates additional neutron-rich isotopes. These include the
following hydrogen isotopes 4H, 5H, 6H and 7H, as well as the
following helium isotopes 5He, 6He and 7He. All these exotic
nuclei have a positive nuclear binding energy in vacuum [54],
but some of them have a negative neutron separation energy
are hence unstable with respect to neutron emission, or β–
decay as in the case of 6He. Thus they can be described as
resonances in the continuum.
In order to implement these additional light clusters, includ-
ing their medium modifications, into the equation of state, the
QS approach is employed (c.f. Ref. [56]). The latter is based
on a many-particle theory which defines Green’s functions
and spectral densities. Thermodynamic relations are derived
consistently. A few-body, in-medium Schro¨dinger equation
can be given which describes bound states as well as scatter-
ing states of the A-nucleon cluster, where the influence of the
nuclear medium is described by self-energy and Pauli block-
ing terms. As a consequence, the bound state energies and
wave functions as well as the scattering phase shifts of the
A-nucleon cluster become dependent on the properties of the
medium, i.e., the temperature T , the density ρ, and the charge
density. This way, the quasiparticle concept which is well-
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FIG. 1. Effective nuclear binding energy for hydrogen and helium isotopes for two representative conditions, with T = 5 MeV and Ye = 0.1
(solid lines) as well as T = 10 MeV and Ye = 0.2 (dashed lines), comparing the gRDF approach including a shift due to Pauli blocking (blue
lines) and the QS approach [16] (grey lines).
known for the single-nucleon states is generalized to nuclear
cluster states like the α particle. In appendix B the formu-
lae are given for the virial expansion and generalized Beth-
Uhlenbeck equation, for the example of the deuteron system
with a single bound state and a continuum of scattering states.
Similarly, 4H and 5He systems can be treated this way. In
these cases, no bound states exist, and only the integral over
the scattering states remains in Eq. (B1) in Appendix B. The
chemical potentials contain the the information about the den-
sity of neutrons and protons. An effective cluster energy Eeff
A,Z
,
c.f., Eq. (B2), can be introduced which depends strongly on
the temperature, but also on the density. Details are discussed
in Ref. [16] where analytical expressions for the T and ρ de-
pendence of Eeff
A,Z
for 4H and 5He are given.
The dissolution of nuclei with increasing temperature and
density is described in the gRDF model with the help of
medium-dependent mass shifts that include a small contribu-
tion from the screened Coulomb interaction and the strong-
interaction shifts originating from Pauli blocking, as in-
troduced above. The concept of mass shifts replaces the
excluded-volume approach that was used in the modified NSE
EOS of Ref. [9]. At present, while the QS approach can be ap-
plied to only a few selected light nuclear species, gRDF allows
for the universal description of in-medium properties. Indi-
vidual calculations of the energy shifts and continuum corre-
lations for each isotope {A, Z}, in particular for heavy clus-
ters with large mass numbers A are presently not available.
Therefore an approximate treatment applicable for arbitrary
nuclei is necessary, as given by the gRDF approach. The
functional form of the Pauli shift denoted as model GRDF2
in Ref. [57] was used for heavy nuclei and the functional form
of the Pauli mass shifts of the nuclei 4H, 5H, and 5He was as-
sumed to be identical to one of the closest stable nucleus in
the same isotopic chain. Details on the theoretical formula-
tion of the gRDF are given in Appendix A. Further details
on the parametrisation of the gRDF(DD2) can be found in
Refs. [23, 57, 58]. The effective nuclear binding energies are
shown in Fig. 1, for selected clusters with Z = 1 (left panel)
and Z = 2 (right panel). Here we compare the gRDF EOS
(blue lines) with the QS calculations (grey lines) of Ref. [16].
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FIG. 2. Nuclear composition (mass fractions for neutrons and protons, hydrogen and helium isotopes, and for heavy nuclei averaging over
all species with Z > 3 as well as their average atomic mass A and charge Z) as well as nucleon effective mass m∗N and mean-field potential
difference Un−Up as a function of the restmass density ρ in units of the saturation density ρ0, for a selected conditions, comparing the modified
NSE model (black lines) of Ref. [9], denoted as HS(DD2), and the gRDF(DD2) model (blue lines).
For the bound nuclei 2H, 3H, 3He, 4He, the effective bind-
ing energies approach the corresponding ground-state binding
energy values at low densities. A weak temperature depen-
dence is seen in the QS approach because of the account of
scattering states leading to the virial form of the EOS. This
effect of continuum correlations becomes small at low temper-
atures when states above the continuum edge are not excited.
A strong temperature dependence, illustrated at two examples,
6T = 5 MeV and T = 10 MeV, is seen for the unbound nuclei
4H and 5He which appear as a broad resonance above the edge
of the 3H–n and 4He–n continuum so that the contribution to
the EOS is given only by the scattering phase shifts. As a con-
sequence, the temperature effects are strong, as known from
the virial expansion. However, for lower temperatures on the
order of T = 1 MeV the continuum contributions become
less dominant and the effective in-medium nuclear binding en-
ergy for 4H and 5He rises towards the vacuum binding energy
value, and hence gRDF and QS agree with each other at these
conditions. Furthermore, for the important transition towards
the regime where the light cluster dissolve, both gRDF and
QS provide good qualitative agreement, with the slightly ear-
lier drop of Eeff
A,Z
for all light clusters within gRDF (see Fig. 1)
resulting in the dissolving of light clusters at slightly lower
density (see Fig. 2), compared to the QS framework.
None of these aspects are captured within the NSE frame-
work where vacuum binding energies are employed and the
scattering state contributions are ignored. Consequently,
the abundances of bound states are generally overestimated
within the NSE approach so that it fails to describe the disap-
pearance of bound states near the saturation density and the
transition to homogeneous nuclear matter (Mott effect). This
transition is a consequence of in-medium effects (Pauli block-
ing) and is modeled by the excluded volume approach as well
as the generalized relativistic density-functional approach.
Figure 2 shows the nuclear composition of selected species
at same conditions as in Fig. 1 (T = 5 MeV, Ye = 0.1, and
T = 10 MeV, Ye = 0.2) with respect to the density in units of
the saturation density, comparing the modified NSE EOS (thin
black lines) of Ref. [9] henceforth denoted as HS(DD2) and
the gRDF(DD2) EOS of this work (thick blue lines). Plotted is
the density range relevant for the SN evolution; very low den-
sities where in-medium effects are not relevant, are omitted
here. With increasing density when nuclear clusters become
abundant, the deviations between both approaches grow sub-
stantially. There arise four major differences:
(1) The HS(DD2) EOS systematically overestimates the
abundances of light clusters. In particular in the region
where gRDF(DD2) predicts already the complete
dissolution of all light clusters, HS(DD2) still finds
substantial abundances. This caveat is related to
the description of nuclear clusters in general within
HS(DD2), where the geometric excluded volume
approach is employed for the dissolution of clusters.
It cannot distinguish between heavy and light clusters
and does not include a temperature dependence. On
the other hand, gRDF(DD2) is based on in-medium
modified binding energies for heavy and light nuclear
clusters. Consequently, the yields of all hydrogen
and helium clusters drop to zero at lower density, as
illustrated in Fig. 2, in agreement with their effective
nuclear binding energies dropping below zero (see
Fig. 1).
(2) Of interest is that the abundances of exotic, neutron-
rich isotopes such as the hydrogen isotopes 4H, 5H, 6H,
but also the helium isotopes 5He, 6He, 7He, 8He, are
strongly reduced within the gRDF(DD2) approach at
densities above one tenth of the saturation density, in
comparison with HS(DD2). This strong reduction of
the gRDF framework is in contrast to Ref. [13] where
plots similar to Fig. 2 are given, considering only the
excluded volume concept of the HS(DD2) model. This
suppression is further enhanced in the QS approach
if accounting for continuum correlation as given by
scattering phase shifts. The Beth-Uhlenbeck formula
is an exact expression for the second virial coefficient
and may serve as a benchmark for any EOS in the
low-density limit [59–63]. Generalizations considering
higher clusters and the introduction of the quasiparticle
picture need special attention to be consistent and
to avoid double counting. Calculations have been
performed for the exotic nuclei 4H, 5He (see Ref. [16]).
The QS approach including continuum correlations is
not available at present for arbitrary nuclei so that we
focus on the gRDF(DD2) approach which provides us
with an appropriate description of in-medium effects
for arbitrary bound nuclei.
(3) The in-medium nuclear binding energies for the
heavy clusters (Z > 2) of gRDF(DD2) results in
substantial abundances at higher density, than for the
NSE approach HS(DD2). Also the average nuclear
charge and mass numbers, 〈Z〉 and 〈A〉 respectively,
are substantially different. In particular, the heavy
nuclei within gRDF(DD2) are less neutron rich than for
HS(DD2), partly related to their shift towards higher
density.
(4) Note the systematically lower abundance of 4He at low
densities for the gRDF(DD2) EOS in comparison with
HS(DD2), which is a attributed to the Coulomb shift
of the heavy clusters due to electron screening effects.
Note that the latter are not included in the HS EOS. In
fact, the Coulomb shifts are larger than the Pauli shifts
at these low densities (and low temperatures). It results
in an enhancement of the in-medium nuclear binding
energy for the heavy clusters. Consequently, there are
simultaneously more heavy cluster and less 4He at these
conditions. This effect becomes even more pronounced
at less isospin asymmetric conditions, which will be-
come relevant when discussing the SN simulation re-
sults below.
The different description of the light and heavy nuclear
clusters feeds back to the abundances of the unbound nucle-
ons (see the top panel in Fig. 2). Largest differences between
HS(DD2) and gRDF(DD2) are found in the density domain
corresponding to the dissolution of the light clusters at inter-
mediate densities between ρ = 0.05−0.5×ρ0 and the presence
of heavy clusters at higher density. It results in a substantially
lower abundance of neutrons and protons at these densities.
Consequently also the nucleon self energies are modified at
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FIG. 3. Radial profiles of selected quantities (velocity v, restmass density ρ, electron fraction Ye, temperature T and entropy per baryon s, as
well as various mass fraction Xi and the heavy nuclei composition characterised by the average atomic mass 〈A〉 and charge 〈Z〉) as a function
of the enclosed baryon mass M at two selected times, comparing two SN simulations with the HS(DD2) EOS of Ref. [9] (black lines) and the
newly developed gRDF(DD2) EOS (blue lines).
the same densities (see the two bottom panels in Fig. 2). All
this has already been studied in great detail in Ref. [23]. It has
important consequences for the SN evolution, which will be
illustrated and discussed in the next section.
We give some arguments why we think that the
gRDF(DD2) EOS is more appropriate than the HS(DD2)
EOS. The gRDF(DD2) EOS is closely related to the QS ap-
proach and is consistent with all presently known constraints.
It matches the neutron matter calculations of chiral perturba-
tion theory at subsaturation density (see Refs. [64, 65] and
references therein) and pulsar observations. The latter refer
to a neutron star radius of about 13 km for a neutron star
mass of 1.4 M⊙, in agreement with the constraint obtained
from the gravitational wave analysis of the inspiral phase of
the first binary neutron star merger events GW170817 and
GW190425 [66–68], being in agreement with the first NICER
data analysis [69], as well as a maximum neutron star mass of
2.42 M⊙ in agreement with the high-precision observations of
the presently most massive pulsars [70, 71].
IV. gRDF EOS IN CORE COLLAPSE SN SIMULATIONS
The core collapse SN simulations which will be discussed
in the following are launched from the 18 M⊙ progenitor pro-
vided by the stellar evolution series of Ref. [72]. This pro-
genitor series has already been subject to a variety of SN EOS
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FIG. 4. The same quantities are shown as in Fig. 3 but with respect to the radius R and for two selected post bounce times.
studies, e.g., within the failed SN branch and the subsequent
black hole formation [39], exploring the role of the nuclear
symmetry energy [53] and the role of the stiffness/softness of
the supersaturation density phase [73]. Here, we compare the
reference simulation with the HS(DD2) EOS, which has been
the foundation for our previous studies, and the newly devel-
oped and implemented gRDF(DD2) EOS. The standard set of
weak processes is included (see Table I). SN simulations with
weak processes involving light clusters will be discussed fur-
ther below.
A. Stellar core collapse and bounce
The stellar core collapse evolution is governed by the pres-
ence of heavy nuclear clusters at low densities and temper-
atures below T = 1 MeV. Nuclear electron captures (reac-
tion (4) in Table I) and nuclear de-excitation processes (re-
action (11) in Table I) give rise to neutrino losses. Since the
heavy cluster component of HS(DD2) and gRDF(DD2) match
at these conditions, the entire collapse phases proceeds iden-
tical. Only shortly before core bounce, when central densities
close to nuclear saturation density and temperatures in excess
of several MeV are reached, differences between HS(DD2)
and gRDF(DD2) arise. This is illustrated in Fig. 3(a) at about
0.1 ms before core bounce. While nearly all heavy clusters
are already dissolved for HS(DD2), they are still substantially
abundant for the simulation with gRDF(DD2).
The presence of a large abundance of heavy clusters at high
density softens the EOS in that density domain, which has
important consequences for the SN bounce dynamics. Den-
sity and temperature are notably lower for gRDF(DD2), com-
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FIG. 5. (color online) The same quantities are shown as in Fig. 4 but
at about 250 ms post bounce.
pared to HS(DD2), in the region where heavy clusters are still
abundant (see Fig. 3(a)). The central density at core bounce,
shown in Fig. 3(b), is substantially lower for gRDF(DD2),
ρcentral = 2.72 × 1014 g cm−3, in comparison to HS(DD2),
ρcentral = 3.32 × 1014 g cm−3. The energy gain due to com-
pression work is converted into nuclear binding energy of
the heavy clusters. This prevents the central density from
quickly rising above the saturation density for the simulation
with gRDF(DD2). A large subsaturation density domain re-
mains where heavy clusters still exist for gRDF(DD2) (see
Fig. 3(b)), featuring also lower temperatures than HS(DD2).
However, the electron fraction Ye is affected only marginally.
During the final core collapse phase the Ye differences can be
attributed to the different nuclear composition of the heavy
clusters. Already before core bounce, when the condition of
weak equilibrium is obtained and the neutrino trapping regime
has formed, corresponding to the high-temperature region of
the collapsing stellar core where T & 5 MeV, the slight differ-
ences of the central Ye obtained are due to the different density
and temperature profiles, where lower density and tempera-
ture for gRDF(DD2) feature lower Ye illustrated in Fig. 3(b)
at core bounce.
As expected from Ref. [23] and the analysis in Sec. III,
the abundances of all light clusters are substantially overes-
timated for HS(DD2) in the region where they already disap-
pear within gRDF(DD2) towards high density. This aspect is
particularly important for the newly introduced neutron rich
hydrogen and helium isotopes, e.g., 4H and 5He. In the fol-
lowing we will focus only on these two isotopes since heavier
hydrogen and helium isotopes are less abundant at the con-
ditions of relevance here (see Fig. 2) and play hence a mi-
nor role for the SN dynamics and neutrino emission. Al-
ready during the final core collapse phase, shown in Fig. 3(a),
all light clusters are abundant. This has already been dis-
cussed in Refs. [11, 46, 74] and recently in Ref. [13], how-
ever, the latter two without performing SN simulations with
light clusters explicitly taken into account. Moreover, the
larger abundance of all light clusters of the statistical model of
HS(DD2), in comparison to gRDF(DD2), is a feedback from
having lower densities with the latter SN simulations due to
the presence of heavy clusters in this density domain. Only
towards higher densities, the geometric excluded volume ap-
proach of HS(DD2) overestimates the abundances of all light
clusters, in comparison where gRDF(DD2) already predicts
their complete dissolution. Note further that HS(DD2) does
not contain any other helium nuclei besides 3He and 4He,
which results in the significantly overestimated abundance of
3He. This is particularly important since at the neutron rich
conditions encountered at the stellar core collapse, featur-
ing Ye ≃ 0.25 − 0.3, the proton rich nucleus 3He should be
strongly suppressed. This is the case for gRDF(DD2) treating
in addition 5He which, in fact, becomes more abundant then
4He under neutron rich conditions towards high density (see
Fig. 3(a)).
B. Post bounce evolution
During the early post bounce evolution, the situation re-
mains the same as before core bounce and the differences
reported previously between HS(DD2) and gRDF(DD2) still
hold, as illustrated in Figs. 4(a) and 4(b) at two selected post
bounce times. Only when the temperature starts to exceed
T ≃ 15 MeV the heavy nuclear clusters of gRDF(DD2) dis-
solve, transition into the state of homogeneous nuclear mat-
ter at around 100 ms post bounce and the SN evolution using
HS(DD2) and gRDF(DD2) become increasingly similar (see
therefore Fig. 4(b) showing radial profiles of selected quan-
tities at 100 ms post bounce). However, the higher tempera-
tures obtained for the gRDF(DD2) EOS reflect the systemat-
ically softer EOS during the later SN post bounce evolution,
beyond 100 ms. This has two important consequences, higher
temperatures enable (1) higher abundances of light clusters,
as illustrated at 300 ms post bounce in Fig. 5, and (2) a more
compact PNS which in turn results in a smaller shock radius
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already before shock stalling (see the top panel in Fig. 6(a)).
In particular, the faster shock retreat results in a faster PNS
compression, which in turn supports even higher temperatures
at the PNS interior (see Fig. 5).
It it important to note further the presence of 5He – a nuclear
cluster which has not been considered before in simulations
of core collapse SNe – in the neutron rich PNS interior. The
abundance of 5He exceeds even the abundance of 4He by more
than one order of magnitude, due to the generally neutron-rich
conditions featuring Ye ≃ 0.1 − 0.25, as illustrated in the se-
quences shown in the Figs. 4(b)5. Similarly, 4H is found to
be as abundant as 3H in the region of their highest population.
This is partly supported due to the neutron-rich conditions,
given by the electron fraction of Ye ≃ 0.1 − 0.2 (see Fig. 5).
The presence of a large amount of light clusters at high den-
sities, in the range of ρ = 1012 − 1014 g cm−3, softens the
nuclear EOS in this regime substantially, which in turn results
in systematically higher temperatures (see Figs. 4(a)5).
Note further the systematically higher abundance of heavy
clusters and lower abundance of 4He in the post-shock layer
ahead of the SN accretion shock, corresponding to low densi-
ties ρ < 1010 g cm−3 as well as low temperatures T < 2.5MeV
and nearly isospin symmetric conditions with Ye ≃ 0.45 − 0.5
(see Figs. 3(b)–5). This is the regionwhere the Coulomb shifts
enhance the nuclear binding energy of the heavy clusters, as
discussed above in Sec. III.
C. Neutrino emission
The softer gRDF(DD2) EOS and the associated faster
shock retreat result in an increase of the luminosities of all
neutrino flavors during the early post bounce evolution up
to about 100 ms, as illustrated in Fig. 6(b). The impact is
largest for ν¯e and the heavy-lepton flavor neutrinos, which de-
couple at highest densities where the impact from the more
compact PNS is largest, compared to the νe. However, during
the later post bounce phase &200–250 ms, the luminosities
of gRDF(DD2) match those obtained for the simulation using
HS(DD2).
The three bottom panels of Fig. 6(a) show the evolution of
the νe, ν¯e and νµ/τ neutrinosphere radii, as well as the corre-
sponding densities denoted as ρν in the inlays. The steeper
density gradient at the PNS surface obtained for the SN sim-
ulation with the softer gRDF(DD2) EOS, results in a shift of
all neutrinospheres towards smaller radii already after about
50–75 ms post bounce. This is a direct feedback from the
softer gRDF(DD2) EOS and the subsequent faster PNS con-
traction. Complementary, the density at the neutrinospheres
is shifted to slightly higher values, comparing HS(DD2) and
gRDF(DD2), as shown in the inlays of Fig. 6(a), featuring a
slightly higher temperature. The latter aspect gives rise to gen-
erally higher average neutrino energies for all flavors for the
SN simulation based on the softer gRDF(DD2) EOS, as illus-
trated in the bottom panels of Fig. 6(b). The largest increase of
the average energies is obtained also for νe and ν¯e, which de-
couple at lowest density in the layer of accumulated material
at the PNS surface where the impact from the more compact
TABLE II. Neutrino reactions with light nuclei considered, including
references for the corresponding cross sections.
Weak process Reference
1 νe +
2H⇄ p + p + e− [75]
2 ν¯e +
2H⇄ n + n + e+ [75]
3 νe + n + n⇄
2H + e− [2, 75, 76]
4 ν¯e + p + p⇄
2H + e+ [2, 75, 76]
5 νe +
3H⇄ 3He + e− [2, 76]
6 ν¯e +
3He⇄ 3H + e+ [2, 76]
7 νe +
4H⇄ 4He + e− this work
8 ν¯e +
4He⇄ 4H + e+ this work
PNS is largest for the gRDF(DD2) EOS, than for the heavy
lepton neutrino flavors denoted as νµ/τ and ν¯µ/τ in Fig. 6(a)
and 6(b).
These generally higher neutrino fluxes and average energies
during the long-term post bounce evolution are well known
features for SN simulations employing soft EOS. However,
here we are able to relate the softness of gRDF(DD2) to the
presence of a large fraction of light isospin asymmetric nu-
clear clusters which are either neglected previously or taken
incorrectly into account based on the NSE approach.
V. ROLE OF WEAK REACTIONS WITH LIGHT
CLUSTERS
Then presence of light nuclear clusters enables a variety of
weak processes. The ones considered here are listed in Ta-
ble II. These concern the charged current neutrino emission
and absorption of νe and ν¯e on light clusters. Neutral cur-
rent neutrino scattering processes involving light clusters are
omitted here included in the collision integral of the Boltz-
mann equation based on the coherent scattering formalism of
Ref. [35]. However, the contribution of coherent scattering
on all neutron rich light clusters to the inverse neutrino mean-
free path is negligible [2]. Instead, this channel is dominated
by neutrino-nucleon scattering above scattering on light clus-
ters, by several orders of magnitude in the high density region
where these light clusters are most abundant (see Figs. 4(a)–
5). Hence, here we focus on charged current absorption pro-
cesses.
A. Charged current weak rates with light clusters
The reaction rates involving light clusters with 1 < Z < 2
and 2 < A < 4 are provided in Appendix C 1–C4. In the
following the opacity expressions for νe and ν¯e absorption on
2H (C17), inverse electron/positron captures on 2H (C28), νe
absorption on 3H (C30), νe absorption on
3He (C34) are being
evaluated at two representative conditions (A) and (B) listed
in Table III. The corresponding thermodynamic state is lso
given in Table III, listing the mass fractions for the unbound
nucleons and for the light clusters as well as their mean-field
potentials. The correspondingweak rates involving these light
nuclei are shown in Fig. 7 for the selected conditions (A) and
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FIG. 6. Post bounce evolution of the shock radii, Rshock, and neutrinosphere radii, Rν, as well as neutrino luminosity, Lν, and average energy,
〈Eν〉, for νe and ν¯e as well as muon- and tau-(anti)neutrinos collectively denoted as νµ/τ and ν¯µ/τ, comparing the SN simulations based on
the HS(DD2) EOS (black lines) and the generalized relativistic density-functional approach gDRF(DD2) without (blue lines) and with weak
processes involving light clusters (red lines). Note that the latter two lay indistinguishably on top of each other (see text for details).
TABLE III. Two thermodynamic conditions (A) and (B), as well as the corresponding mass fractions, Xi, and mean-field potentials, Ui, for the
unbound nucleons and the light clusters.
T ρ Ye Xn Xp X2H X3H X4H X3He X4He Un Up U2H U3H U4H U3He U4He
[MeV] [g cm−3] [MeV] [MeV] [MeV] [MeV] [MeV] [MeV] [MeV]
(A) 5 5 × 1012 0.2 0.5 0.025 0.073 0.069 0.075 0.004 0.036 −1.5 −3.3 −3.0 −0.85 −1.9 −4.9 −2.3
(B) 7 2 × 1013 0.05 0.8 0.001 0.004 0.003 0.0014 0.0003 0.0009 −6.3 −4.5 −10.02 0.77 14.7 −25.0 −15.2
(B). Besides the standard charged current reactions involving
the unbound nucleons, for the processes involving 2H the rate
expressions are derived in Appendix C 1 and Appendix C 2
for the cross sections provided in Ref. [75], see also Ref. [77].
For the remainingmomentum and angular integrals a 64-point
and 32-point Gauss-Legendre numerical integration scheme
is implemented, respectively. For the reactions involving 3H
and 3He the bound state to bound state transitions are em-
ployed here (see Appendix C 3), which are favored, due to the
small Q-value of m3H − m3He = 0.529 MeV (including elec-
tron contributions), above the spallation reactions. The latter
processes, transition into the continuum with three final state
nucleons, are strongly suppressed due to the large Q-values,
8.44 MeV (for νe) and 9.7 MeV (for ν¯e), besides the 3-body
kinematics which further reduces the rates. Furthermore, the
corresponding matrix element for the reactions involving 3H
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FIG. 7. Charged current neutrino (top panels) and antineutrino opacity (bottom panels) comparing the processes with the unbound nucleons
(green dash-dotted lines) including the inverse neutron decay (green solid lines) for ν¯e, and (anti)neutrino absorption on
2H (solid dark red
lines) as well as the inverse e± captures on 2H (dark red dashed lines), (anti)neutrino absorption on 3H and 3He (grey dash-dotted lines), and
(anti)neutrino absorption on 4H and 4He (yellow dashed lines), for the two selected conditions (A) and (B) listed in Table III in the left and
right panels, respectively. Thick lines include all medium modifications, see therefore the rate expressions in Appendix C, while thin lines
omit them.
and 3He is well known from the triton decay.
In addition we also consider charged current processes with
4H and 4He (see Appendix C 4), for which also only the bound
state to bound state transitions are employed with a large Q-
value, m4H − m4He = 22.7 MeV, which is modified due to
the mean-field potential differences. The latter contributions,
U4H−U4He, can be large for these reactions at the conditions of
interest here (see Table III). Furthermore, 4H is unstable un-
der laboratory conditions, it decays via the emission of a neu-
tron to triton on the strong-interaction timescale. However, the
presence of the nuclear medium enables the following strong
equilibrium, 3H+ n⇆ 4H, which yields a finite abundance of
4H. The same applies to all other neutron rich hydrogen and
helium isotopes which are also unstable due to neutron emis-
sion under vacuum conditions, except 6He which beta-decays
to 6Li. Details about the properties of 4H, as well as all other
neutron-rich hydrogen and helium isotopes, and how to imple-
ment medium modifications was discussed above in Sec. III.
Important for the neutrino response involving these nuclei is
the fact that a weak interaction matrix element for the charged
current transitions is presently unknown, both experimentally
for the obvious reason but also theoretically. In order to study
their potential role on the neutrino emission as well as heating
and cooling in SN simulations, we assume a Gammow-Teller
transition amplitude. Similar as for the reactions involving 3H
and 3He for which the transition amplitude is known from the
triton decay, for reactions involving 4H and 4He we derive the
weak transition amplitude from the thermally averaged cross
sections for ν¯e absorption on
4He of Ref. [78]. Details, includ-
ing the cross sections, are given in Appendix C 4.
Figure 7 compares the charged current opacity, χν, for all
charged current weak processes listed in Table II involving
light nuclei with those of the unbound nucleons, for νe (top
panels) and ν¯e (bottom panels), at two selected conditions (A)
and (B) listed in Table III. They correspond roughly to regions
in a core collapse SN simulation where light clusters are most
abundant, in particular where the light cluster abundances ex-
ceed the abundance of protons, as listed in Table III. Here it
becomes evident that at any of these conditions the reaction
rates with the unbound nucleons largely exceed those of the
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FIG. 8. SN simulation profiles with respect to the restmass density at 100 ms post bounce. Graph (a): mass fractions, Xi, for selected nuclear
species. Graph (b): net neutrino heating rate, Q˙ν, comparing gRDF(DD2) with (red dashed lines) and without (solid light blue lines) weak
reactions involving light nuclei for νe (left panel) and ν¯e (right panel), as well as the inverse neutrino mean-free path, 1/λ, for selected weak
processes corresponding to the simulations with the gRDF(DD2) EOS including weak reactions with light clusters, also for νe (left panel) and
ν¯e (right panel), distinguishing neutral current neutrino-nucleon scattering (solid blue lines), charged current neutrino absorption with unbound
nucleons (dark greed dash-dotted lines), 2H (thick solid dark red lines), inverse e± captures on 2H (thin dashed dark red lines), involving 3H
and 3He (thick grey dash-dotted lines) as well as 4H and 4He (thick dashed dark yellow lines). The vertical black lines mark the locations of
the neutrinospheres (dotted lines) and the shock position (solid lines).
light clusters (see Fig. 7). Note the opacity dropping to zero,
which corresponds roughly to the medium-modified Q-values
which are a sharp threshold for the reactions treated within the
elastic approximation, i.e. involving 3H and 3He as well as 4H
and 4He. The mean-field potentials for these nuclei are given
in Table III. They are provided by the gRDF(DD2) EOS.
B. SN simulations with weak reactions involving light clusters
All charged current weak reactions listed in Table II are im-
plemented into the transport module of AGILE-BOLTZTRAN,
based on the explicit rate expressions for the neutrino emis-
sivity and opacity as given in Appendix C 1–C 5. We use the
same neutrino transport discretization as before. The core col-
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lapse SN simulations employ then the new gRDF(DD2) EOS,
which provide now also the information about the mean-filed
potentials for all light clusters. These enter explicitly all rate
expressions (see Appendix C 1–C 5).
The bulk evolution, from the shock formation up to sev-
eral hundreds of ms post bounce, proceeds indistinguishable
from the reference setup without considering weak reactions
with light nuclei, as shown in Fig. 6(a). The impact from the
additional weak reactions involving light clusters to the neu-
trino heating and cooling is generally small, as illustrated in
Fig. 8(b) at 100 ms post bounce. In particular the contribution
to the neutrino heating, which was suggested previously [11]
where neutrino emission contributions were neglected which
violates the relation of detailed balance, could not be found.
Instead, the inclusion of weak reactions with light clusters
leaves a negligible impact on the overall post bounce evo-
lution, as illustrated in the evolution of the neutrinospheres
in Fig. 6(a) as well as the neutrino luminosities and average
energies in Fig. 6(b), in comparison to the simulations with
gRDF(DD2) omitting weak reactions with light clusters.
This negligible impact on the post bounce evolution can
be understood through the analysis of the neutrino heat-
ing/cooling rates, shown in the top panels of Fig. 8(b) at about
100 ms post bounce, for νe (left panel) and ν¯e (right panel).
The comparison between the two SN simulations employing
the gRDF(DD2) EOSwithout (solid blue lines) and with weak
reactions involving light clusters (dashed red lines) reveals
only minor differences. These are attributed not to additional
heating and cooling contributions stemming from weak reac-
tions with light clusters, but rather a slight mismatch of the
timing between these two simulations on the order of 10 ms.
Note the steep rise of the heating rates towards higher densi-
ties, which is due to the fact that the AGILE-BOLTZTRANfinite
differencing scheme is not specially tuned to enforce the dif-
fusion limit, for which the net rates would be zero (details can
be found in Ref. [41]).
At the conditions where the neutrinos decouple, see there-
fore the locations of the accretion shock (vertical solid black
lines) and of the neutrinospheres (vertical dashed black lines),
the abundances of all neutron-rich light clusters are negligi-
ble in comparison to the abundances of the unbound nucle-
ons. Consequently, the inverse mean-free path, shown in the
bottom panels of Fig. 8(b), for νe (left panels) and ν¯e (right
panels), are dominated by weak reactions involving the un-
bound nucleons. Note that the definition of the inverse mean-
free path is given in Ref. [79], for which the neutrino phase-
space integration is performed numerically using the neutrino
distributions obtained from the SN simulations, following our
previous works [30, 80]. In addition to the charged current ab-
sorption reactions for νe and ν¯e (green dash-dotted lines), we
also include the elastic neutrino-nucleon scattering processes
(solid blue lines). The latter dominates the inverse mean-free
path for ν¯e. Note that for ν¯e the inverse mean-free path for the
inverse electron captures on 2H (dashed red line) is below the
scale of the plot. The situation remains the same also at later
times.
Only towards higher density, in excess of few times
1013 g cm−3, there are contributions from weak interactions
with light clusters, in particular involving 2H. This is related
with the increasing abundances of all light clusters towards
higher densities, as illustrated and discusses above in Sec. IV.
However, firstly, their contribution remains negligible and sec-
ondly, at these high densities the entire neutrino spectrum is
trapped such that it leaves no impact on the post bounce evo-
lution. The situation may change when the neutrinospheres
shift to higher densities during the PNS deleptonization af-
ter the SN explosion onset has been launched and the nascent
PNS deleptonizes and cools via the emission of neutrinos of
all flavors, which remains to be explored in the future.
VI. SUMMARY
The present article introduces the gRDF(DD2) EOS for as-
trophysical simulations. Particular focus is devoted to the im-
proved description of light and heavy nuclear clusters, tak-
ing consistently into account medium modifications of the nu-
clear binding energies with contributions due to Pauli block-
ing and Coulomb corrections. The gRDF(DD2) EOS includes
self consistently neutron-rich hydrogen (A = 2 − 7) and he-
lium isotopes (A = 3 − 8), some of which are weakly bound
such as the hydrogen isotopes with A > 3 as well as 5He,
and were hence omitted previously. Their role was recently
overestimated due to the implementation of the NSE approach
[13] which is based on vacuum binding energies. This caveat
has been overcome within the present work taking explicitly
into account individual scattering state contributions follow-
ing the QS approach of Ref. [16], which solves the in-medium
Schro¨dinger equation. We find that the continuum contribu-
tions, known as virial corrections, provide the essential con-
tributions to all weakly bound clusters such as 4H and 5He,
while they play only a minor role for the bound clusters such
as 3H, 3He and 4He. For 2H the virial corrections are known
to have contributions already at low densities [60, 81].
While the QS framework allows for the calculations of in-
dividual light clusters, it cannot be applied for astrophysi-
cal EOS which require the inclusion of more than 1000 nu-
clear species, in particular also heavy nuclei. Therefore, the
gRDF approach has been developed here, which is based
on the nuclear in-medium binding energies provided for se-
lected light nuclear clusters from the QS calculations. Conse-
quently, gRDF results in good quantitative agreement with the
quantum-statistical approach in terms of the properties of the
light nuclear clusters. Deviations are observed only for the
weakly bound light clusters. In particular, both approaches
gRDF and QS predict the dissolving of the light nuclear clus-
ters at substantially lower density, already at about one tenth
of the nuclear saturation density, than the NSE approach of
Ref. [9], which implements an excluded volume mechanism
instead. A qualitative comparison of the NSE based excluded
volume approach and the QS can be found in Ref. [82]. Here,
gRDF provides the general description for all clusters where
the heavy clusters, defined as Z > 2, are taken into account
following Ref. [23]. This results in the presence of heavy clus-
ters up to high densities, on the order of the saturation density,
and hence a late transition to homogeneous matter.
15
These aspect of the description of light and heavy clusters
significantly improve the commonly employed approaches,
not only the excluded volume of Ref. [9] based on NSE, but
also the single-nucleus approximation employed [6, 7, 83]
featuring a phase transition construction for the transition
to homogeneous matter, the Thomas-Fermi approximation
[8, 19] and the spherical Wigner-Seitz cell approach [61].
We implement the new gRDF(DD2) EOS into our spheri-
cally symmetric core collapse SN model AGILE-BOLTZTRAN
and perform SN simulations, launched from the 18 M⊙ pro-
genitor [72]. In comparison with the HS(DD2) NSE EOS we
find a substantially different composition, particularly signifi-
cantly lower abundances of all light clusters and the presence
of 4H and 5He which were omitted in previous SN simula-
tions. Furthermore, towards high densities at the PNS interior,
the abundances of 5He exceed those of 3He and 4He due to the
generally neutron-rich conditions with low Ye = 0.1 − 0.25.
This is also the reason for the high yields of 3H and 4H, being
comparable to those of unbound protons. Furthermore, the
heavy cluster abundance at high densities has a strong soft-
ening impact on the PNS structure, already around the stel-
lar core bounce, which in turn results in lower central den-
sities and higher temperatures. Also the emission of the νe
deleptonization burst, associated with the bounce shock prop-
agation across the νe sphere, is affected from the presence
of more heavy clusters, featuring a lower abundance of un-
bound nucleons and hence a slight reduction of the magnitude
as well as a miner broadening. Furthermore, the generally
softer high-density behaviour of the gRDF(DD2) EOS results
in a faster shock retreat and a smaller shock radius during the
post bounce evolution up to several hundreds of milliseconds.
It affects the post bounce neutrino emission, with generally
higher average neutrino energies.
The spherically symmetric simulations presented here, fea-
turing a faster shock retreat due to the softer gRDF(DD2)
EOS, in comparison to the HS(DD2) EOS, result in less
favourable conditions for shock revival in terms of neu-
trino heating. However, similar comparisons in the multi-
dimensional SN framework indicate the opposite effect with
respect to shock revival via neutrino heating (c.f. Ref. [84]).
This remains to be explored in multi-dimensional SN simula-
tions.
The gRDF(DD2) EOS provides not only the gross thermo-
dynamics properties of heavy and light nuclear clusters, but
also the microscopic quantities such as scalar and vector self
energies for the unbound nucleons and for all light clusters.
The latter enables us to consistently treat a variety of weak
processes with light clusters, which were either omitted in
previous core collapse SN studies or crudely approximated.
While it has been shown previously that neutral current scat-
tering reactions involving light clusters are negligible, instead
this channel is dominated by neutrino scattering off unbound
nucleons, here we focus on the charged current absorption
reactions. We introduce the explicit rate expressions for the
spallation reactions for 2H as well as electron/positron cap-
tures on 2H, based on the cross sections of Ref. [75]. Further
reaction rates involving 3H and 3He as well as 4H and 4He are
provided based on the elastic approximation where we con-
sider the bound state to bound state transition since the tran-
sitions into the continuum are negligible [2]. These charged
current weak rates are implemented into the collision integral
of AGILE-BOLTZTRAN and additional SN simulations are per-
formed. The comparison with the gRDF(DD2) EOS reference
case, where these weak processes were omitted, show a neg-
ligible impact from the inclusion of weak reactions with these
light clusters. Nevertheless, we would like to stress the de-
mand for more sophisticated calculations of charged current
neutrino absorption cross sections for the neutron-rich nuclei
introduced here, in particular taking into account the broad
width of all neutron-rich hydrogen isotopes, nuclear structure
effects for the vacuum-stable nuclei, e.g., 4He and 6He as well
as generally final-state and medium contributions.
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Appendix A: gRDF Relativistic mean-field model revisited
All EOS quantities that are relevant for SN simulations can
be derived from the grand canonical potential density, ω, of
the gRDF model. It depends on the temperature, T , and the
set of chemical potentials, {µi}, of all considered particles. In
this formulation chosen here, meson fields of the RMF model
do not appear explicitly and only baryons are considered as
effective degrees of freedom. Then the grand canonical po-
tential density can be written as follows:
ω(T, {µi}) =
∑
i∈B
ωi + ωmeson − ω(r) , (A1)
with contributions from baryons, B =
{
n, p, 2H, 3H, . . .
}
, i.e.
nucleons and nuclei, ωi, as well as mesons ωmeson and rear-
rangement terms denoted as ω(r). The baryons are treated as
quasi-particles with effective chemical potentials µ∗
i
= µi −ΣVi
and with the dispersion relation,
Ei(p,m
∗
i ) =
√
p2 + (m∗
i
)2 (A2)
depending on the momentum p and the effective mass m∗
i
=
mi − ΣSi . The quantities ΣVi and ΣSi are the vector and scalar
self-energies or potentials of the baryons, see below, and mi
is the rest mass in vacuum. The particle number and scalar
densities are defined by the standard expressions
ni = − ∂ω
∂µi
∣∣∣∣∣
T,{µ j,i}
, n
(s)
i
=
∂ω
∂mi
∣∣∣∣∣
T,{µ j}
(A3)
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as derivatives of ω with respect to the chemical potentials µi
and masses mi, respectively. The contribution of baryons to
the total grand canonical potential density (A1) has the form
ω
(0)
i
(T,m∗i , µ
∗
i ) = −T
gi(T )
σi
∫
d3p
(2pi)3
ln
{
1 + σi exp
[
−EN(p,m
∗
i
) − µ∗
i
T
]}
, (A4)
with particle degeneracy factors gi that depend on temperature
in the case of heavy nuclei in order to take the contribution
of excited states into account. The quantity σi encodes the
particle statistics (Fermi-Dirac: σi = +1, Bose-Einstein: σi =
−1). For heavy nuclei, the non-relativistic limit of the energy,
Ei = mi + p
2/(2mi), and Maxwell-Boltzmann statistics are
assumed, i.e., the limit σi → 0 is taken in equation (A4). The
meson contribution,
ωmeson = −1
2
(
Cωn
2
ω +Cρn
2
ρ −Cσn2σ
)
, (A5)
to (A1) is expressed with the help of the coupling factors
C j = Γ
2
j
/m2
j
of the mesons j ∈ M = {ω, ρ, σ} and their source
densities n j. The couplings Γ j depend on the total baryon
density nB =
∑
i∈B Bini with baryon numbers Bi and baryon
number densities ni. The density dependence of the couplings
causes the appearance of a meson rearrangement term
V
(r)
meson =
1
2
(
C′ωn
2
ω +C
′
ρn
2
ρ −C′σn2σ
)
(A6)
with derivatives C′
j
= dC j/dnB in the vector potential
ΣVi = Cωgiωnω + Cρgiρnρ + BiV
(r)
meson +W
(r)
i
(A7)
besides the usual meson contributions in RMF models and a
further rearrangement term,
W
(r)
i
=
∑
j∈B
n
(s)
j
∂∆m j
∂ni
, (A8)
due to the medium dependence of the masses. The scalar po-
tential
ΣSi = Cσgiσnσ − ∆mi (A9)
explicitly includes the medium dependent mass shift ∆mi for
all baryons except nucleons. The degeneracy factors gi as well
as the factors gi j in the vector and scalar potentials are speci-
fied Ref. [23]. The latter also appear in the source densities,
nω =
∑
i∈B
giωni , nρ =
∑
i∈B
giρni , nσ =
∑
i∈B
giσn
(s)
i
. (A10)
The mass shifts ∆mi = ∆m
(Coul)
i
+ ∆m
(strong)
i
in the scalar po-
tential contain a Coulomb contribution due to the screening of
the Coulomb field of the nuclei by the charged leptons and a
strong shift that arises from the action of the Pauli principle.
It causes a blocking of states in the medium that are no longer
available for the formation of nuclei as many-body correla-
tions. The mass shifts depend on the particle densities and the
temperature. Explicit expressions are given Ref. [23]. Finally,
the last term in (A1) has the form
ω(r) = V
(r)
mesonnB +
∑
i∈B
W
(r)
i
ni (A11)
with the contributions from the density dependence of the cou-
plings and the mass shifts. The rearrangement terms in all
quantities are essential for the thermodynamic consistency of
the model and lead to the standard expressions for the densi-
ties of the quasi-particles,
ni = gi
∫
d3p
(2pi)3
fi , n
(s)
i
= gi
∫
d3p
(2pi)3
fi
m∗
i
Ei
(A12)
with the distribution function
fi(T, p,m
∗
i , µ
∗
i ) =
{
exp
[
Ei(p,m
∗
i
) − µ∗
i
T
]
+ σi
}−1
. (A13)
The grand canonical potential density (A1) immediately gives
the pressure p = −ω of the system and the free energy density,
f , is found from the thermodynamic relation
f = −p +
∑
i∈B
µini . (A14)
The entropy density, s, is obtained from the standard definition
as
s = − ∂ω
∂T
∣∣∣∣∣{µi} = −
∑
i∈B
gi
∫
d3p
(2pi)3
[
fi ln fi +
1 − σi fi
σi
ln (1 − σi fi)
]
−
∑
i∈B
ω
(0)
i
gi
∂gi
∂T
(A15)
with an contribution that originates from the temperature dependence of the degeneracy factors of nuclei.
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Appendix B: Virial expansion and generalized Beth-Uhlenbeck equation
Within a consistent QS approach, the densities of nucleons (as function of T and the chemical potentials, e.g., of the neutron
µn and the proton µp) are decomposed into partial densities of different channels {A, Z} which contain the bound states (ground
state and excited states) of the nucleus with mass number A and proton number Z, as well as the continuum states. As example,
in the 2H channel we obtain the generalized Beth-Uhlenbeck equation as follows (for details, see Ref. [59]),
n2H(T, µn, µp) =
3
(pi~2/mT )3/2
exp
(µn + µp
T
) {[
exp
(
−E2H
T
)
− 1
]
+
1
piT
∫ ∞
0
dE exp
(
−E
T
) [
δp,n(E) −
1
2
sin
(
2δp,n(E)
)]}
. (B1)
The two-nucleon bound state E2H and phase shifts δp,n are solutions of an in-medium two-nucleon Schro¨dinger equation which
is derived from a Green’s function approach. In contrast to the simple Beth-Uhlenbeck equation where the deuteron bound state
energy E
(0)
2H
= −2.225 MeV appears, the medium modified binding energy is taken. The phase shifts δp,n(E) are also modified
by in-medium effects such as self-energy and Pauli-blocking terms. Because the single-nucleon contribution contains already
the quasiparticle shift, e.g. within the gRDF(DD2) approach, the sin-term in the continuum contribution appears to avoid double
counting.
Calculations show that the simple ground-state contribution to the partial density is reduced if the continuum contributions
are taken into account. This reduction, which increases with increasing T , is well-known from the virial expansion of the EOS.
We can express the reduction introducing the effective cluster energy Eeff2H as
n2H(T, µn, µp) =
3
(pi~2/mT )3/2
exp
−E
eff
2H
− µn − µp
T
 , (B2)
which now becomes temperature and density dependent. Within a more detailed description, the cluster quasiparticle energy is
also depending on the center of mass momentum P so that the integral over P is not expressed by the thermal wave length but
has to be performed explicitly. In the low-density limit, using the n− p scattering data, the values for the second virial coefficient
bpn(T ) are given in Ref. [60]. The effective binding energy follows as
Beff2H(T ) = −Eeff2H(T ) = −T ln

√
2
3
bpn(T )
 (B3)
Similarly, 4H and 5He can be treated this way. In both cases, no bound states exist, and only the integral over the scattering
states remains in Eq. (B1). The chemical potentials contain the number of neutrons and protons, respectively, of the cluster, and
the bound state energies of the scattered (4H, 4He) must be added. An effective cluster energy Eeff
A,Z
can be introduced which is
also strongly dependent on T , but also on the density. Details are given in Ref. [16], where also analytical expressions for the
T, ρ dependence of Eeff
A,Z
for 4H and 5He are given. These quantities are shown in Fig.1. In the low-density limit, for 5He we
consider,
bαn(T ) =
(
5
4
)3/2
1
piT
∫ ∞
0
dEe−E/T δαn(E) (B4)
which is also considered in Ref. [60]. The effective cluster energy follows as
Eeff5He(T ) = E5He − T ln
[
4
53/2
bαn(T )
]
. (B5)
For 4H, the virial expression and the corresponding effective cluster energy in the low-density limit follow from the 3H − n
scattering data [81].
Appendix C: Weak processes involving light clusters
The novel weak reactions involving light clusters with 1 < Z < 2 are listed in Table II. In order to include this set of charged
current weak processes into the collision integral of the Boltzmann equation of AGILE-Boltztran,
1
c
d fν
dt
∣∣∣∣∣
collisions
(Eν, µ) = jν(Eν) (1 − fν(Eν, µ)) − χν(Eν) fν(Eν, µ) , (C1)
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with incoming neutrino distribution fν(Eν, µ) depending on the incoming neutrino energy Eν as well as on the neutrino scattering
angle µ = sinϑ (for illustration, see Fig. 1 in Ref. [32]), the total neutrino emissivity jν and opacity χν are supplemented by
those of the reactions listed in Table II,
jνe = jνen + jνe 2H + jνe nn + jνe 3H + jνe 4H , χνe = χνen + χνe 2H + χνe nn + χνe 3H + χνe 4H , (C2a)
jν¯e = jν¯ep + jν¯e 2H + jν¯e pp + jν¯e 3He + jν¯e 4He , χν¯e = χν¯en + χν¯2eH + χν¯e pp + χν¯e 3He + χν¯e 4He , (C2b)
where the individual emissivities and opacities are related via the relation of detailed balance (Appendix C 5). In the following
sections the derivation of these reaction rates is provided.
1. Absorption of νe and ν¯e on
2H
For the following weak processes with deuteron,
νe +
2H → p + p + e− , ν¯e + 2H → n + n + e+ , (C3)
we can introduce relative and center-of-mass momenta,
P = p1 + p2 , p =
p1 − p2
2
, (C4)
with individual nucleon momenta, p1 and p2, and express energy and momentum conservation in these coordinates as follows,
pν + p2H = pe + P , Eν +
p2ν
2m2H
+ m2H = Ee +
P2
4mp
+
p2
mp
+ 2mp . (C5)
Here we replace the effective masses with the vacuum masses since 1/m∗2H ≃ 1/m2H and 1/m∗N ≃ 1/mN . In the calculations of
the differential cross sections in Ref. [75], the authors neglects the dependence of the cross section on the direction of p, they
compute an angle-averaged value. For the neutrino transport, we need to recover the dependence of the cross-section on the
direction of p. For convenience we will define it with respect to the direction of the vector P, for which we define the angle θ
such that p · P = pP cos θ and the differential cross section is given as follows,
dσν 2H
d(cos θ)dΩedpe
(Eν) =
1
2
dσν 2H
dΩedpe
(Eν) , (C6)
with the assumption of isotropy.
The general expression for the reaction rates for the charged current absorption processes with deuteron, break-up reactions
(1) and (2) in Table II, is given by the following integral equation,
χν 2H(Eν) =
2piG2
~ c
g2H
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
d3p1
(2pi~c)3
d3p2
(2pi~c)3
f˜2H(E2H) (1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2)) (C7)
× (2pi~c)3 |M|2 δ4 (pν + p2H − pe − p1 − p2) ,
with the product of the Fermi coupling constant, GF , and the ud entry of the Cabibbo-Kobayashi-Maskawa matrix, denoted
as G = GFVud, with the Fermi-Dirac equilibrium distribution functions fi, except the Bose-Einstein distribution function f˜2H
for deuteron, as well as with spin averaged interaction matrix element M which connects initial and final states. In the zero-
momentum exchange approximation, q = pν − pe with q ≃ 0, expression (C7) reduce to the following form,
χν 2H(Eν) =
2piG2
~ c
g2H
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
d3P
(2pi~c)3
d3p |M|2 f˜2H(E2H) (1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2)) (C8)
× δ (Eν + E2H − Ee − E1 − E2) δ3 (p2H − P)
(C9)
=
2piG2
~ c(2pi~c)3
g2H
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
2pip2 d(cos θ) |M|2 f˜2H(E2H) (1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2)) , (C10)
with
P = p2H , p =
√
mp
(
Eν − Ee + m2H − 2mp
)
, (C11a)
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E1 =
1
2mp
 p
2
2H
4
+ p2 + pp2H cos θ
 + mp , E2 = 12mp
 p
2
2H
4
+ p2 − pp2H cos θ
 + mp . (C11b)
In order to relate the opacity with the double-differential cross section computed in Ref. [75] we use the following association:
dσν 2H
d(cos θ)dΩedpe
(Eν) =
2piG2
(~c)(2pi~c)6
2pi (pep)
2 |M|2 , (C12)
and obtain the following expression for the opacity,
χν 2H(Eν) = g2H
∫
d3p2H
(2pi~c)3
dΩedped(cos θ)
(
dσν 2H
d(cos θ)dΩedpe
(E∗ν)
)
f˜2H(E2H)(1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2)) , (C13)
with the medium-modified cross section due to the shifted neutrino energy E∗ν , which can be obtained via the following equations,
E∗νe = Eνe + (m
∗
2H
− m2H) + U2H − 2(m∗p − mp) − 2Up , (C14)
E∗ν¯e = Eν¯e + (m
∗
2H
− m2H) + U2H − 2(m∗n − mn) − 2Un . (C15)
The medium effects, i.e. the mean-field potentials and the effective masses, are provided by the gRDF(DD2) EOS. They also
modify Eqs. (C11a)–(C11b) as follows,
p =
√
m∗p
(
Eν − Ee + m∗2H − 2m∗p + Ud − 2Up
)
, (C16a)
E1 =
1
2m∗p
 p
2
2H
4
+ p2 + pp2H cos θ
 + m∗p + Up , E2 = 12m∗p
 p
2
2H
4
+ p2 − pp2H cos θ
 + m∗p + Up . (C16b)
Furthermore, since final state Pauli-blocking does not depend on the electron angular direction one can integrate the electron
solid angle and obtain the final expression for the opacity for (anti)neutrino absorption on 2H,
χν 2H(Eν) =
g2H
2
∫
d3p2H
(2pi~c)3
dpe d(cos θ)
(
dσν 2H
dpe
(E∗ν)
)
f˜2H(E2H) (1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2)) , (C17)
where we have used Eq. (C6). The remaining three integrals are evaluated computationally on flight in the SN simulation
reported above in Sec. V.
2. e± captures on 2H
In addition to the (anti)neutrino absorption on deuteron, we can also consider electron captures on deuteron,
e− + 2H → n + n + νe , e+ + 2H → p + p + ν¯e (C18)
for which the differential cross section is given by the following expression,
dσe 2H
dΩνedpν
(Ee) =
2piG2
2(~c)(2pi~c)6
4pip2νp(Ee, Eν)
2 |M|2 , (C19)
with additional factor 2 due to the two internal degrees of freedom for the electron. In the following we will examine the reaction
with electrons, for which we have the following settings,
P = p2H , p(Ee, Eνe) =
√
mn
(
Ee − Eνe + m2H − 2mn
)
, (C20a)
E1 =
1
2mn
 p
2
2H
4
+ p2 + pp2H cos θ
 + mn , E2 = 12mn
 p
2
2H
4
+ p2 − pp2H cos θ
 + mn . (C20b)
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Furthermore, note that cross section (C19) can be related with the cross section for ν¯e-absorption on deuteron (reaction (2) in
Table II) as follows,
dσν¯e 2H
dΩedpe
(Eν¯e) =
2piG2
(~c)(2pi~c)6
4pip2ep(Eν¯e , Ee)
2 |M|2 , (C21)
with
P = p2H , p(Eν¯e , Ee) =
√
mn
(
Eν¯e − Ee + m2H − 2mn
)
, (C22a)
E1 =
1
2mn
 p
2
2H
4
+ p2 + pp2H cos θ
 + mn , E2 = 12mn
 p
2
2H
4
+ p2 − pp2H cos θ
 + mn . (C22b)
Here we find the following relationship between the cross section for capturing an electron of energy Ee producing a νe of
momentum pνe and the cross section for ν¯e-absorption of the same energy, Eν¯e = Ee and producing a positron of momentum
pe = pν¯e :
dσe− 2H
dΩνedpνe
(Ee) =
1
2
p(Ee, pν¯e)
2
p(Ee, Ee(pν¯e))
2
dσν¯e 2H
dΩedpe
(Ee) ≃ 1
2
dσν¯e 2H
dΩedpe
(Ee) , (C23)
assuming relativistic electrons. The νe-emissivity can be obtained from equation (C8) using the change (1 − fe) → 2 fe to obtain
after substituting the electron-capture cross section:
je−2H(Eνe) =
g2H
2
∫
d3p2H
(2pi~c)3
d(cos θ)dΩedpe
(
p2e
p2νe
dσe− 2H
dΩνedpνe
(E∗e)
)
f˜2H(E2H) 2 fe(Ee) (1 − f1(E1)) (1 − f2(E2)) . (C24)
Applying now detailed balance, 1/λ(Eνe) = e
β(Eνe−µeqνe ) j(Eνe) (for details, see Appendix C 5), and expressing the electron capture
cross section by means of the neutrino-cross section, see eq. (C23), computed in Ref. [75] one obtains the opacity,
χνe nn(Eνe) =
g2H
2
∫
d3p2H
(2pi~c)3
d(cos θ)dΩedpe
(
p2e
p2νe
dσν¯e 2H
dΩedpνe
(E∗e)
) (
1 + f˜2H(E2H)
)
(1 − fe(Ee)) f1(E1) 2 f2(E2) , (C25)
with medium-modified electron energy as follows,
E∗e = Ee + (m
∗
2H
− m2H) − 2(m∗n − mn) + (Ud − 2Un) , (C26)
and
p =
√
mn
(
Ee − Eνe + m∗2H − 2m∗n + Ud − 2Un
)
, (C27a)
E1 =
1
2m∗n
 p
2
2H
4
+ p2 + pp2H cos θ
 + m∗n + Un , E2 = 12m∗n
 p
2
2H
4
+ p2 − pp2H cos θ
 + m∗n + Un . (C27b)
Furthermore, we can integrate over the electron solid angle and recover the following expression,
χνN1N2(Eνe) =
g2H
4
∫
d3p2H
(2pi~c)3
dped(cos θ)
(
p2e
p2νe
dσν¯e 2H
dpνe
(E∗e)
) (
1 + f˜2H(E2H)
)
(1 − fe(Ee)) 2 f1(E1) 2 f2(E2) . (C28)
3. νe absorption on
3H and ν¯e absorption on
3He
For charged current νe-absorption on
3H the situation is
somewhat more complicated than for 2H, because there are
two components. The first one is the transition to the bound
state of 3He and the second component is the transition into
the continuum with three final-state nucleons:
νe +
3H → 3He + e− , νe + 3H → p + p + n + e− , (C29)
For the bound state to bound state reaction, we obtain the
opacity:
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χνe 3H(Eνe) ≃ n3H σνe 3H(Ee−) (1 − fe− (pe−)) , (C30)
neglecting final-state 3He blocking where we introduced the
triton number density n3H and the corresponding cross section,
σνe 3H(Ee−) =
G2
pi
1
(~ c)4
(pe−Ee− ) BGT (C31)
∝ 2.26 × 10−41
(
Eνe
15 MeV
)
cm2 MeV−2 ,
for a typical neutrino energy of 15 MeV, and with the
Gammow-Teller transition amplitude, BGT = 5.87, which is
known from the triton decay. The following relation connects
the medium modified electron energy relation,
Ee− = Eνe + (m3H − m3He) + (U3H − U3He) , (C32)
with the neutrino energy Eνe including the mass difference be-
tween 3H and 3He, m3H − m3He = 0.5296 (including electron
contributions), and the mean-field potentials, U3H and U3He.
The latter quantities are provided by the gRDF(DD2) EOS.
From the comparison of the cross section of the charged
current reactions (1)–(3) in Table I, for which σνeN ≃ 2.47 ×
10−41 cm2 MeV−2, again for a typical neutrino energy of
15 MeV, and with the transition standard amplitude, g2
V
+ 3g2
A
,
with vector and axial-vector coupling constants, gV = 1.0 and
gA = 1.27, it becomes evident that reactions involving
3H
and 3He can become as important as the reactions involving
the unbound nucleons, depending on the kinematics includ-
ing final-state blocking contributions. This has already been
realised in Ref. [2] at the level of the cross section analysis.
Figure 9 compares these cross section for νe (left panel) and
ν¯e (right panel). We omit here the
3H cross sections for the
break-up reactions and the reactions involving 2H (see there-
fore Ref. [2]).
The second component of the νe-absorption on triton in
(C29) is to transitions to the continuum, which is negligible
compared to the bound state to bound state reaction as was
shown in Ref. [2] based on the cross sections calculated in
analogy to Ref. [12].
A similar expression as (C30) is obtained for the opacity of
ν¯e-absorption on
3He,
ν¯e +
3He → 3H + e+ , (C33)
as follows,
χν¯e 3He(Eν¯e) ≃ n3He σν¯e 3He(Eν¯e) (1 − fe+ (pe+)) (C34)
The cross section, σν¯e 3He, involves the same matrix element
as (C31), and the following medium modified positron energy
relation,
Ee+ = Eν¯e − (m3H − m3He) − (U3H − U3He) , (C35)
again with 3H and 3He masses and their mean-field poten-
tials. Note that expression (C34) also neglects final state
triton contributions. Also here the transition to the con-
tinuum, ν¯e
3H −→ n n n e+, is negligible as was shown in
Ref. [2], based on the cross section similar to those provided
in Ref. [12].
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FIG. 9. Neutrino absorption cross section for reactions involving
3H and 3He (grey dash-dotted lines) as well as 4H and 4He (yellow
dashed lines), in comparison to those for the charged current reac-
tions (1)–(3) in Table I, for νe (left panel) and ν¯e (right panel).
4. ν¯e absorption on
4He and νe absorption on
4H
For the anti-neutrino charged current channel, there is the
following bound state reaction:
ν¯e +
4He → 4H + e+ . (C36)
The description of the final state 4H is very challenge due
to the presence of several broad resonances and the fact that
the presence of a degeneate neutron background suppresses
the emission of neutrons in the medium. Here, in a first at-
tempt to take this process into account, we use the thermally-
averaged inclusive cross sections, 〈σ〉T , that have been pro-
vided in Ref. [78], assuming a thermal neutrino distribu-
tion with zero chemical potential, and assume that in the
medium all neutron emission channels are suppressed. In or-
der to be able to implement them into the collision integral
of AGILE-BOLTZTRAN, we reverse engineer in order to obtain
the transition amplitude as follows,
〈σ〉T = 4pi
(hc)3
1
nν
∫
dEν¯eE
2
ν¯e
σν¯e 4He(Ee+) f
µν¯e=0
ν¯e
(Eν¯e ; T ) ,
(C37)
with neutrino number density, nν, and we set
σν¯e 4He(Ee+) =
G2
pi
1
(~c)
(pe+Ee+ ) BGT , (C38)
assuming a constant value ofBGT = 4.75. This approximation
is fitted to reproduce the values in Ref. [78] in the temperature
range of T ≃ 5 − 10 MeV (see Table IV) within a factor of
2 or less. However, it certainly overestimates the thermally-
averaged cross sections at low temperatures by about an or-
der of magnitude. Similarly as before, the anti-neutrino and
positron energies are related via the restmass and mean-field
potential differences of 4H and 4He as follows,
Ee+ = Eν¯e − (m4H − m4He) − (U4H − U4He) . (C39)
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TABLE IV. Thermally average cross section for (C36), comparing
our fit with the data of Ref. [78].
T 〈σ〉T Ref.
[MeV] [10−42 cm] [10−42 cm]
2 9.33(−4) 1.42(−4)
4 3.78(−1) 1.80(−1)
5 1.38 —
6 3.41 3.70
8 11.61 22.9
Then, the opacity for (C36) in the elastic approximation reads
as follows,
χν¯e 4He(Eν¯e) = n4He σν¯e 4He(Ee+) (1 − fe+ (Ee+)) , (C40)
with the 4He number density denoted as n4He.
The matrix element entering in the cross section above for
neutrino absorption on 4H,
νe +
4H −→ 4He + e− (C41)
is generally not known for this reaction in vacuum and fur-
thermore should be modified due to the in-medium effects.
However, assuming mirror symmetry between 4H and 4Li, it
is taken to be a factor of 5 smaller than the one for (C36),
which yields BGT = 0.95. Note that here we consider only
transitions to bound states in 4He as they are energetically fa-
vored. Similarly as for the processes involving 3H and 3He in
Sec. C 3, we express the reaction rate for (C41) as follows,
χνe 4H(Eνe) = n4H σνe 4H(Ee−) (1 − fe− (Ee−)) , (C42)
with 4H number density, n4H, and the following medium mod-
ified relation between electron and neutrino energies,
Ee− = Eνe + (m4H − m4He) + (U4H − U4He) . (C43)
The cross section,
σνe 4H(Ee−) =
G2
pi
1
(~c)
(pe−Ee− ) BGT , (C44)
is also shown in Fig. 9 in the left panel (yellow dashed line).
5. Detailed balance
Here we will derive the detailed balance relation for the
(anti)neutrino emissivity j(Eν), i.e. the reverse reactions,
e− + p + p −→ 2H + νe , e+ + n + n −→ 2H + ν¯e ,
for which the reaction rate is given by the following expres-
sion,
jνe 2H(Eν) =
2piG2
~c
1
(2pi~c)3
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
2pip2 d(cos θ) |M|2
{
1 + f˜2H(E2H)
}
fe(Ee) f1(E1) f2(E2) . (C45)
Comparing this expression with C10 one obtains,
jνe 2H(Eν) =
2piG2
~c
1
(2pi~c)3
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
2pip2 d(cos θ) |M|2 exp {β(E2H − µ2H)} f˜2H(E2H) exp {−β(Ee − µe)} (1 − fe(Ee))
× exp {−β(E1 − µ1)} (1 − f1(E1)) exp {−β(E2 − µ2)} (1 − f2(E2)) (C46)
=
2piG2
~c
1
(2pi~c)3
∫
d3p2H
(2pi~c)3
d3pe
(2pi~c)3
2pip2 d(cos θ) |M|2 exp
{
−β(Eνe − µeqνe )
}
f˜2H(E2H) (1 − fe(Ee)) (1 − f1(E1)) (1 − f2(E2))
= exp
{
−β(Eνe − µeqνe )
}
χνe 2H(Eνe) , (C47)
with the neutrino equilibrium chemical potential, µ
eq
νe = µe +
µp + µp − µ2H = µe − (µn − µp). Note that this is the same
detailed balance relation as for the charged current absorption
processes with free nucleons (reactions (1) and (2) in Table I).
Applying the same approach for the reverse triton opacity, i.e.
the emissivities for the following processes,
e− 2H −→ p p νe , e+ 2H −→ n n ν¯e ,
e− 3He −→ 3H νe , e+ 3H −→ 3He ν¯e ,
e− 4He −→ 4H νe , e+ 4H −→ 4He ν¯e ,
one will recover the same detailed balance relation (C47).
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